Abstract Eta quotients on Γ 0 (6) yield evaluations of sunrise integrals at 2, 3, 4 and 6 loops. At 2 and 3 loops, they provide modular parametrizations of inhomogeneous differential equations whose solutions are readily obtained by expanding in the nome q. Atkin-Lehner transformations that permute cusps ensure fast convergence for all external momenta. At 4 and 6 loops, on-shell integrals are periods of modular forms of weights 4 and 6 given by Eichler integrals of eta quotients. Weakly holomorphic eta quotients determine quasi-periods. A Rademacher sum formula is given for Fourier coefficients of an eta quotient that is a Hauptmodul for Γ 0 (6) and its generalization is found for all levels with genus 0, namely for N = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 12, 13, 16, 18, 25 . There are elliptic obstructions at N = 11, 14, 15, 17, 19, 20, 21, 24, 27, 32, 36, 49, with genus 1. We surmount these, finding explicit formulas for Fourier coefficients of eta quotients in thousands of cases. We show how to handle the levels N = 22, 23, 26, 28, 29, 31, 37, 50, with genus 2, and the levels N = 30, 33, 34, 35, 39, 40, 41, 43, 45, 48, 64, with genus 3. We also solve examples with genera 4, 5, 6, 7, 8, 13. 
Introduction
Bloch and Pierre Vanhove [4] showed how to parametrize and solve its second order differential equation using eta quotients on Γ 0 (6) .
Their solution was particularly bold, since they expand in a nome q that is small near the physical threshold where the external energy w is close to 3. Thus they achieve fast convergence near the branchpoint that frustrates other methods. The price to pay is that convergence is slow near any of the other three cusps of Γ 0 (6) , which occur at w = 0, 1, ∞. We shall show how to use Atkin-Lehner transformations of eta quotients to expand about those cusps, achieving optimal efficiency.
Bloch, Kerr and Vanhove [5] conquered the corresponding three-loop problem, also using eta quotients on Γ 0 (6), thanks to the remarkable circumstance, noted more than 40 years ago by Geoffrey Joyce [20] , that a transformation of variables relates solutions of the relevant homogeneous third-order differential equation to products of solutions of the second-order equation at two loops. Joyce's observation was made in the context of the physics of condensed matter. The relevance of his work on the diamond lattice to Feynman integrals was decoded in [2] . We shall use an Atkin-Lehner transformation to achieve optimal efficiency at three loops.
The role of Γ 0 (6) does not end at three loops. It is of the essence for the onshell problems at 4 and 6 loops, where the relevant Bessel moments turn out to be Eichler integrals of eta quotients that are cusp forms of level 6 with modular weights 4 and 6, respectively. We shall review key results, which were until recently only conjectures [8, 9, 11, 12] , tested to many thousands of digits. For an account of how they were proved [34] [35] [36] [37] , see the lucid review by Yajun Zhou [38] .
It is notable that this connection between number theory and Feynman integrals persists in the real world of four-dimensional space-time. The four-loop radiative corrections to the magnetic moment of the electron in quantum electrodynamics, evaluated with breath-taking skill by Stefano Laporta [23] , contain a pair of Bessel moments [37] that are Eichler integrals. We conclude Section 2 with results that indicate that one of these is a quasi-period, in the sense of Francis Brown [13] . Moreover we conjecturally identify quasi-periods at 6 loops.
Section 3 concerns a searching question raised by Johannes Blümlein at a recent conference held at the Hausdorff Centre for Mathematics, in Bonn. Is there a closed formula for the Fourier coefficients of the Hauptmodul of Γ 0 (6), of the type that Petersson [26] and Rademacher [22, 27, 28] found for Klein's j-invariant? We conjecturally answer in the affirmative, by giving a formula that serves this purpose for all levels with genus 0. Moreover we are able to extend its use to higher genera.
Eta quotients in quantum field theory
Broadhurst, Fleischer and Tarasov [10] gave the differential equation for the twoloop unit-mass sunrise integral in an arbitrary number D of space-time dimensions. At D = 2, this integral is a Bessel moment [2] I(w 2 ) = 4
where w is the external energy, which enters the Bessel function I 0 (wx) via Fourier transformation. The Bessel function K 0 (x) is cubed, since three particles of unit mass connect the two vertices. Bloch and Vanhove [4] found a very neat modular parametrization of the differential equation at D = 2, which we here write as , f = η 6 1 η 6 η 3 2 η 2 3 ,
with eta quotients determining the energy w, the integrating factor f , which is an elliptic integral determining the discontinuity across the cut for w > 3, and the inhomogeneous term g. Two easy integrations of the Lambert series for g then yield
with χ 6 (n) = ±1 for n = ±1 mod 6 and χ 6 (n) = 0, otherwise. This solution is determined by the discontinuity across the cut and the finiteness of I(1) = π 2 /4 [2] . In summary: after dividing I(w 2 ) by the modular form f , with weight 1 and level 6, we obtain solution (4) by two integrations of the weight 3 modular form g with respect to z, where q = exp(2πiz). Such integrals of modular forms are referred to as Eichler integrals. We remark that modular parametrizations of differential equations were used in [3] , to elucidate proofs of rationality of zeta values, and in [21] , for problems in statistical physics.
Atkin-Lehner transformations of eta quotients
Now set q = exp(2πiz) with ℑz > 0 and consider the transformations [15] 
which permute the cusps at z = 0, From the alternative differential equations (6), we obtain alternative expansions:
by the lightning-fast process of the arithmetic-geometric mean. This results in a small real nome q k ∈ [− exp(−π/ √ 3), exp(−π 2/3)] and hence |q k | < 0.16304. If k = 2, use (9); if k = 3, use (10) ; if k = 6, use (11) ; if k = 1 use q = q 1 in (4) and extract a Clausen value from
The authors of [6] expand in q M = −q 2 , thereby encountering η 4 and η 12 in
Since they expand about the cusp at w = 0, they inevitably face issues of slow convergence near the cusps at w = 1, 3, ∞. Moreover they had to address delicate questions of analytic continuation at the on-shell point w = 1. Our procedure of invariably expanding about the nearest cusp avoids all such problems. Such use of Atkin-Lehner transformations to achieve efficient expansions in small nomes is well known to mathematicians who compute with modular forms [16] . We recommend exploitation of the transformations (5) to physicists who encounter problems that involve the congruence subgroup Γ 0 (6). For example, the authors of [1] encountered, at 3 loops, a second-order equation with complicated coefficients and powers of log(x) in the inhomogeneous term. Their homogeneous equation has a hypergeometric solution
where (a) n = Γ (a + n)/Γ (a) is the Pochhammer symbol. We obtained 
as a modular parametrization of the homogeneous solution, where the derivative with respect to q results from a complete integral of the second kind. It would be interesting to investigate whether an Atkin-Lehner transformation may be used to avoid a singularity that was encountered at x = 1 3 at intermediate stages of the work in [1] .
For our next advertisement of the virtue of Atkin-Lehner transformation, we turn to the three-loop equal-mass sunrise integral. Bailey, Borwein, Broadhurst and Glasser [2] developed the expansion in t of
A neat and novel q-expansion comes from exploiting a transformation [2, 20] from w 2 , at two loops, to t = 10 − w 2 − 9/w 2 , at three loops. Then we obtain the modular parametrization
with φ (n) = 0, 1, 0, −8, 0, 1, for n = 0, 1, 2, 3, 4, 5 mod 6. The Pari-GP procedure z(t)={local(x=2/(sqrt(4-t)+sqrt(16-t)), a=sqrt((1-x)^3 * (1+3 * x))); I/2 * agm(a,4 * x * sqrt(x))/agm(a,sqrt((1+x)^3 * (1-3 * x)));} returns the correct value of z for the nome q = exp(2πiz), for all real t. Expansion (21) is highly efficient for t ∈ [ −8, 8] , where |q| ≤ exp(− √ 2π/3) < 0.22742. For the rest of the real t-axis, we exploit the involution z −→ z 6 = −1/(6z), which gives t −→ t 6 = 64/t, with fixed points at t = ±8. For t 6 ∈ [−8, 8] we use
in agreement with the result proved by Bloch, Kerr and Vanhove [5] . Extracting
we achieve a highly efficient expansion in q 6 = exp(−πi/(3z)) for 64/t ∈ [−8, 8], with a strong check of consistency with (21) in the neighbourhoods of t = ±8, where both expansions work well.
Eichler integrals of eta quotients for on-shell sunrise integrals
On-shell sunrise integrals lead us to consider Bessel moments of the form
has not yielded to the methods given above for L = 2, 3. By contrast, the on-shell values S L (1) = 2 L M(1, L+1, 1) with L+2 Bessel functions yield Eichler integrals of cusp forms of weights 4 and 6 on Γ 0 (6) at L = 4 and L = 6 loops, namely integrals of the form ∞ 0 f (iy)y s−1 dy, where f (z) is a cusp form with weight L and s is a integer with L > s > 0. First we consider the situation at L = 3 loops, where a modular form of weight 3 occurs.
At 3 loops, with 5 Bessel functions, the on-shell problem is solved by the weight 3 level 15 cusp form
with complex multiplication in Q( √ −15). If the Kronecker symbol
is negative, for prime p, then A 5 (p) = 0. For ℜs > 2, there is a convergent L-series (29) whose analytic continuation is provided by the Eichler integral
with critical values
At 4 loops, with 6 Bessel functions, the on-shell problem is solved by the weight 4 level 6 cusp form
For ℜs > 5/2, there is a convergent L-series (33) whose analytic continuation is provided by the Eichler integral
At 6 loops, with 8 Bessel functions, the on-shell problem is solved by the weight 6 level 6 cusp form
For ℜs > 7/2, there is a convergent L-series (38) whose analytic continuation is provided by the Eichler integral
Eichler integrals for quasi-periods at level 6
In [ 
In the case of the level 6 modular forms that yield 4-loop and 6-loop Feynman integrals the situation is cleaner, since the periods are Eichler integrals of eta quotients, f 4,6 and f 6, 6 , with 4 cusps. Thus we may hope to find weakly holomorphic modular forms, g 4, 6 and g 6, 6 , that yield quasi-periods as well defined Eichler integrals with a base-point at a cusp free of singularities. A test is provided by the condition that a 2 × 2 determinant formed from a pair of periods and a pair of quasi-periods should be an algebraic multiple of a power of π, as is trivially ensured for modular forms of weight 2 by Legendre's relation between pairs of complete elliptic integrals of first and second kind.
At 4 loops, we achieved this with Eichler integrals
1+iy 2
At 6 loops, it is conjecturally achieved by
where the question marks indicate unproven discoveries, checked to thousands of digits of numerical precision.
Rademacher sums for Fourier coefficients of eta quotients
For positive integers N, M and n, we define the Rademacher sums
as sums of Bessel functions multiplied by Kloosterman sums
In (53) the sum is over all positive integers c coprime to N. In (54) the sum is over the integers r ∈ [1, c] coprime to c and s ∈ [1, c] is the inverse of Nr modulo c. It follows from these definitions that R N,M (n)/M = R N,n (M)/n and that R N,M (n) = R dN,dM (n) for every positive integer d that divides N.
Genus 0
We found that R N,1 (n)/R N,1 (1) is the coefficient of q n in an eta quotient T N /B N defining an OEIS sequence in the genus 0 cases of 
which is invariant under z → (az + b)/(cz + d) with integers satisfying ad − bc = 1. We remark that analytic continuation of (53) to n = 0 gives R 1,1 (0) = 24, which differs from the constant term 744 in (55). Our work concerns only the values of R N,M (n) for integers n > 0.
The congruence subgroup Γ 0 (N) is the group of Möbius transformations with N|c. The Hauptmodul
of Γ 0 (6) has a Fourier coefficient R 6,1 (n)/72 = A128638(n), which we are now able to evaluate at large n. We found that this Fourier coefficient is odd if and only if the core (i.e. the square-free part) of n is a divisor of 6. We determined the probably prime values of A128638(n) for n ∈ [1, 900000000] and found these occur at surprisingly few values of n, namely these: 2, 3, 4, 9, 32, 48, 324, 578, 864, 121032, 940896, 11723776, 88360000, 180848704, 198443569. We remark that A128638(900000000), with 66832 decimal digits, would be rather hard to compute in the absence of a Rademacher-sum formula.
Further examples of integer sequences
We found several integer sequences of the form R N,M (n)/D, with gcd(N, M) = 1, N > M > 1 and integer D, as for example in Table 2 . 
Moreover,
When N > 1 has genus 0, R N,M (n) is an integer sequence generated by a polynomial of degree M in the eta quotient that generates R N,1 (n). Thus, for example, we may compute the coefficient of q n in (η 25 /η 1 ) P from a linear combination of Rademacher-type formulas for R 25,M (n) with M ∈ [1, P], using polynomials in g = ∑ n>0 R 25,1 (n)q n = 5η 25 /η 1 as follows:
Genus 1
The genus g 0 (N) of Γ 0 (N) is computed in Pari-GP by a procedure g0(N)={local(f=factor(N),t=vector(4,k,1),p,r,n); for(k=1,matsize(f) [1] Table 3 Primes M such that R N,M (n) is an integer sequence for N with genus 1
We conjecture that only when N has genus 0 is R N,1 (n) an integer sequence. To deal with genus 1, we introduced the additional parameter M into R N,M (n). For each level N with genus 1, we specify in Table 3 the prime values of M < 1000, coprime to N, for which R N,M (n) is an integer sequence.
At genus 1, the criterion for whether R N,M (n) forms an integer sequence is provided by the Fourier expansion of the unique weight 2 cusp form of level N, which we denote by f N = ∑ M>0 C N,M q M . Specifically, 
(87)
with explicit formulas for N = 17, 19, 21, 49 given below in (97,98,99). For N with genus 1, we found that R N,M (n) is an integer sequence if and only if C N,M = 0. Moreover
is always an integer sequence, with R N,1 (n) = 0, by construction. With G N,M = ∑ n>0 R N,M (n)q n , we found at N = 21 that For each level N with genus 1, we found that (X, Y ) = (G N,2 , G N,3 ) is a point on an elliptic curve E N specified in Table 4 and verified up to O(q 20000 ). Moreover G N,M = P 0 (X) + P 1 (X)Y where P 0 and P 1 are polynomials with degrees not exceeding M/2 and (M − 3)/2, respectively.
With N = 21, relations (90,91,92) show that X = G 21,2 is determined by an eta quotient and that Y = G 21,3 is determined by 3 eta quotients. The transformation (X, Y ) = (x − 5, y − x − 3) yields a minimal model y 2 + xy = x 3 − 4x − 1, whose small coefficients were noted in [19] .
Applying the ellak procedure of Pari-GP to E N , we reproduce the Fourier coefficients of f N = ∑ M>0 C N,M q M . Thanks to work recorded at OEIS, we are able to provide formulas for f N in the 4 cases where a single eta quotient does not suffice, namely for N = 17, 19, 21, 49: 
with (99) recorded in [12] . At N = 49, we have complex multiplication, with C 49,p = 0 for prime p = 3, 5, 6 mod 7. Moreover we have a pair of eta quotients,
with Fourier coefficients given by Rademacher sums. The latter is determined by G 49,2 and G 49,3 . Hence the elliptic curve E 49 provides an algebraic relation between these eta quotients, namely
At N = 21, we found 2937 eta quotients whose Fourier coefficients are linear combinations of R 21,M (n) with M ≤ 50. Including the unit quotient, the tally of 2938 is the coefficient of x 50 in the generating function
which predicts a total of 22126 eta quotients with Fourier coefficients determined by R 21,M (n) for M ≤ 100. We have identified all of these. At N = 36, with 9 divisors, the corresponding tallies of eta quotients are spectacularly large. Using Padé approximants, the generating function was found to be
giving 49307076 eta quotients with Fourier coefficients determined by R 36,M (n) for M ≤ 50 and 8204657877 for M ≤ 100. We were able to identify all of these, by tak-ing products of 78 eta quotients found at M ≤ 12 and eliminating redundancies. Using more refined methods, we also validated the monstrous tally of 180919436828 for M ≤ 150. From the denominator of T 36 (x) = ∑ n≥0 (c(M) + 1)x M it is clear that the number c(M) of non-trivial eta quotients determined by our procedures may be found by polynomial interpolation at integers with the same residue modulo 12. We denote the result by c(M) = p(M)+q r (M)/12 for M = r mod 12, with a leading polynomial p(n) = (n + 1)(n + 3)(n + 5)(n + 7)(n + 9)(n + 11)((n + 6) 2 − 7) 1935360 − 1 (106) of degree 8 and sub-dominant terms that are at most quadratic:
The situation at the prime levels N = 
from which the expansion of s = q + O(q 2 ) is easy developed, iteratively. Similarly, at N = 11 and N = 17 we obtain the algebraic relations t 5 /e 11 = 1 + 13t + 34t 2 + 11 2 e 11 , t = G 11,2 /11 2 , e 11 = η 
and hence develop the expansions of t = q + O(q 2 ) and u = 2q + O(q 2 ).
Intermediate between the plethora of eta quotients at N = 36, with 9 divisors, and their relative scarcity at N = 11, 17, 19, 49, with less than 4 divisors, sit the remaining genus 1 levels, N = 14, 15, 20, 21, 24, 27, 32. Proceeding as for N = 21, we found the generating functions
with the coefficient of x m in T N (x) giving the number of eta quotients whose Fourier coefficients are determined by linear combinations of the Rademacher sums R N,M (n) with M ≤ m.
Rational Rademacher sums
There are 5 levels with genus greater than 0 for which it appears that the Rademacher sums R N,M (n) are rational for all positive integers M and n, namely N = 27, 32, 36, 49 with genus 1 and N = 64 with genus 3. At genus 1, we convert these rationals to the integers
which vanish at M = 1. The rationals R 64,M (n) do not form integer sequences for M = 1, 2, 5 mod 8. To remedy this, we define
with k ≥ 0, r ∈ [1, 8] and c k,r = 0 for r = 3, 4, 6, 7, 8. Then g M has integer Fourier coefficients, which vanish for M = 1, 2, 5. Eta quotients appear in
We found that (X,Y ) = (g 3 + 2, g 4 + 2) is a point on the genus 3 curve
and that g M = P 0 (X) + P 1 (X)Y + P 2 (X)Y 2 , with P n a polynomial of degree at most ⌊(M − 4n)/3⌋. Every eta quotient of that form has Fourier coefficients that are linear combinations of Rademacher sums at N = 64.
Genus 2
It is instructive to compare the genus 3 case N = 64 with the genus 2 case N = 50. For the latter we construct integer sequences as follows:
where f 50 is the weight 2 level 50 Hecke eigenform whose Fourier coefficients d(M) are obtained from the L-series of the elliptic curve y(y + x + 1) = x 3 − x − 2. Then G 50,M = ∑ n>0 R 50,M (n)q n vanishes by construction at M = 1, 2 and yields eta quotients at M = 3, 5, with
The Fourier coefficients of G 50,4 are also identified by an eta quotient: R 50,4 (n)/10 is the coefficient of q 2n in the Fourier expansion of η 25 /η 1 . We found that (X,Y ) = (G 50,3 , G 50,4 ) is a point on the curve
which Sage confirmed as having genus 2. Proceeding similarly for (X,Y ) = (G N,3 , G N,4 ) we found the curves
at N = 22, 23, 26, 28, 29, 31, 37, respectively. All have genus 2.
Genus 3
We found these genus 3 curves for N = 30, 33, 34, 35, 39, 40, 41, 43, 45, 48, 64 :
where the final curve at N = 64 was already given in (126) and was obtained by subtractions that make G 64,M vanish at M = 1, 2, 5. At N = 43, the subtractions make G 43,M vanish at M = 1, 2, 4. In all other cases with genus 3, G N,M vanishes for M = 1, 2, 3.
Genus 4
At N = 81, we found that (X,Y ) = (G 81,5 , G 81,6 ) lies on the genus 4 curve
The Fourier coefficients of X/9 form an integer sequence beginning with for n = 1 to 18. The general term is given by Rademacher sums as
The Fourier coefficients of Y /9 form an integer sequence beginning with for n = 1 to 17. The general term is given by a Rademacher sum
Genus 5
At N = 72, with genus 5, we obtain integer Fourier coefficients in
Then G 72,M vanishes for M = 1, 2, 3, 5, 7. Moreover (G 72,4 , G 72,6 ) is a point on the elliptic curve E 36 , while (G 72,6 , G 72,9 ) lies on E 24 . Eliminating G 72, 6 , we obtain a genus 5 curve from the resultant:
The Fourier coefficients of X/6 are the integers R 18,1 (n)/6 = A128129(n for n = 1 to 14. The general term is given by Rademacher sums as
Genus 6
Moving on to the genus 6 case N = 121, we determined that subtractions of R 121,r (n) are needed for the 6 values r = 1, 2, 3, 4, 6, 11. The coefficients of these subtractions are determined by four new forms and two old forms of weight 2 and level 121. The new forms are the L-series of the elliptic curves y 2 + xy + y = x 3 + x 2 − 30x − 76, y 2 +y = x 3 −x 2 −7x+10, y 2 +xy = x 3 +x 2 −2x−7 and y 2 +y = x 3 −x 2 −40x−221.
The old forms are (η 1 η 11 ) 2 and (η 11 η 121 ) 2 . The first two non-zero integer series are
(158) We expect their generators, G 121,5 and G 121,7 , to define a curve of genus 6 with degree 7 in G 121,5 and degree 5 in G 121, 7 . This is indeed the case. We found that (X,Y ) = (G 121,5 /11, G 121,7 /11) is a point on the curve
which Sage confirmed as having genus 6. Since integer combinations of Rademacher sums are computable with ease, we are able to validate this curve up to O(q 1000 ) in a matter of seconds.
Genus 7
In the genus 7 case N = 100, we determined that subtractions of R 100,r (n) are required for the 7 values r = 1, 2, 3, 4, 5, 7, 9, with coefficients determined by 6 old forms of weight 2 and level 100 and a new form which is the L-series of the elliptic curve y 2 = x 3 − x 2 − 33x + 62.
We found that (X,Y ) = (G 100,6 + 5, G 100,15 + 10) lies on the genus 7 curve for n = 0 to 13, and in general by (R 100,15 (n) + 2R 100,5 (n))/10 for n > 0.
Genus 8
When N = p 2 with prime p = 12k + 1, the genus of Γ 0 (N) is given by g 0 (N) = 3k(4k − 1) − 1. Setting k = 1, we obtain g 0 (169) = 8. Moreover N = 169 is the largest level with genus 8. We devised a procedure of 8 subtractions that gives integer sequences R 169,M (n) by subtracting multiples of R 169,r (n), with r = 1, 2, 3, 4, 5, 6, 8, 9. The subtraction coefficients are determined by 8 modular forms of level 169 and weight 2, of which two have Fourier coefficients in Q( √ 3). The rest have coefficients in the cubic number fields x(x 2 − 1) = ±(1 − 2x 2 ).
Our first non-zero integer sequence occurs at M = 7, where R 169,7 (n) = R 169,7 (n) − R 169,6 (n) − R 169,5 (n) + R 169,2 (n)
is the coefficient of q n in G 169,7 = 13η 169 /η 1 . There is no subtraction at M = 13, where G 169,13 = G 13,1 = 13η 2 13 /η 2 1 . We found that (X,Y ) = (G 169,7 /13, G 169,13 /13) is point on a genus 8 curve with degree 13 in X and degree 7 in Y , namely 
Remarks
Remark 1. After we completed this work, Yajun Zhou kindly called our attention to [17, Theorem 8.12] . The methods used there may be capable of furnishing proofs of some of our empirical findings in Section 3, following the approach that Knopp [22] attributes to Rademacher [28] as an "entirely fresh viewpoint", namely by adopting formulas (53,54) as definitions of Fourier coeffcients of objects G N,M and demonstrating that the latter have the required modular properties. At genus 0, with a unique Hauptmodul, that could furnish a proof of Table 1 . At higher genera, more work might be needed. Remark 2. We conclude this section with a note on the approach in [32, 33] to modular curves. In [33, Section 4.1], Yifan Yang gives modular curves, up to level N = 50, that are parametrized by quotients of "generalized" Dedekind eta functions [32] , in the many cases where the eta function itself is insufficient to solve the problem. Moreover his q-expansions are highly singular as q → 0. Our approach was quite different. We began with an explicit formula (53) that reproduces, at M = 1, the Fourier coefficients of the genus 0 eta quotients taken as "canonical" Hauptmoduln in [24, Table 8 ], which vanish as q → 0. At genus 1, after subtraction of the noninteger sequence R N,1 (n), we obtained G N,M = ∑ n>0 R N,M (n)q n as Fourier series with integer coefficients, vanishing at q = 0. Then G N,2 and G N,3 parametrize our modular curve. We were able to extend this to higher genera. It may be that our explicit Fourier coefficients are capable of reproducing those of Yang's "generalized" Dedekind eta quotients, after performing a Fricke involution z −→ −1/(Nz) on his Ansätze. We have not investigated this, since it lay outside the remit of our title.
Conclusions
6. They yield the Fourier coefficients of parametrizations of modular curves, irrespective of whether the Fourier series are eta quotients.
